The width of the quantum delocalization of the QCD strings is investigated in effective string models beyond free Nambu-Goto approximation. We consider two Lorentezian-invariant boundaryterms in the Lüscher-Weisz string action in addition to the self-interactions term equivalent to two loop order in the (NG) string action. The geometrical terms which conceive the possible rigidity of the QCD string is scrutinized as well. We perform the numerical analysis on the 4-dim pure SU (3) Yang-Mills lattice gauge theory at two temperature scales near deconfinement point. The comparative study with with this QCD string model targets the width of the energy profile of static quark-antiquark system for color source separation 0.5 ≤ R ≤ 1.2 fm. We find that including symmetry effects of the boundary action and rigidity properties into the string model paradigm to reproduce a good match with the profile of the Mont-Carlo data of QCD flux-tube.
I. INTRODUCTION
Understanding the confining force in elementary particle physics is essential for modeling the hadron structure. It remains, however, insurmountable to put an analytic form to the binding forces between quarks in the nonperturbative region of QCD from first principles.
Perturbative QCD provides a good description to the short-distance aspects of the QQ potential of a two-body (Coulombic) one-gluon-exchange (OGE) interaction potential [1] . Discussions concerning the intermediate and large distances, however, are usually carried out either on phenomenological bases, making use of the strongcoupling expansion [2, 3] or lattice simulations.
Lattice simulations have shown that the QQ potential is linearly rising [4] [5] [6] [7] . In a string phenomenology, the linear rise is consistent with the formation of a stringlike flux tube [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] linking the color sources. The quantum fluctuations of the string [20] produce the well-known Coulomb-like sub-leadingcorrections to the QQ potential, namely, the well-known Lscher term.
The effective description is expected to hold over distance scale 1/T c [21] where the effects of the intrinsic thickness of the flux tube diminish. Many gauge models have accurately verfied the Lüscher correction to the potential [22] [23] [24] [25] [26] [27] .
The width due to the quantum delocalizations of the string grows logarithmically [28] as the two color sources * maksym.deliyergiyev@ujk.edu.pl are pulled apart. The character of logarithmic broadening is expected for the baryonic junction [29] as well. The string model predicts, in addition, a logarithmic broadening [28] for the width profile of the string delocalization at very low temperatures. This also has been observed in several lattice simulations corresponding to the different gauge groups [22, [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] In the high temperature regime of QCD, the string's broadening becomes linear [41] [42] [43] [44] [45] [46] [47] . However, the comparison with the lattice Monte-Carlo data substantial show deviations [45] [46] [47] [48] from the free string behavior very close to the deconfinement point. The discrepancies take place at distances at which the leading-order string model predictions are valid [49] at zero temperature. In the baryon [50] [51] [52] similar short distances mismaches are found [53] .
Several phenomena can involve the stringy character of the gluonic sector of SU (3) Yang-Mills theory [54] [55] [56] [57] [58] [59] [60] [61] [62] . Despite of the close relevance of to full QCD, detailed verification of the string conjecture is still incomplete in particular on distance scales before the string breaks [63] .
Numerical examinations [64, 65] do not seem to support the relevance of higher-order [66] model-dependent corrections for the NG action [65, 67] to the deviation from the free string model. These include 3D percolation model [64] , Z(2), SU (2) and SU (3) confining gauge models [65] .
Many features of the fine structure of the profile of QCD flux-tube at high temperature and relatively short distances [68? -72] are hoped to be compatible with modifications dictated by considering other effects beyond the free approximation. The delicate effects of emerging from the symmetry breaking near the edges or the string's resistance to bending, or in other words possible rigidity properties [73] [74] [75] , suggest the boundary terms and/or the geometrical terms suppressing the sharp fluctuation in LW action, respectively.
The Lorentz-invariant boundary corrections [76] [77] [78] [79] to the static QQ potential [69, 70, 76] have been addressed in simulations involving different operators and gauge groups [69, 70, 76] . In particular, the fine deviations from the effective string and numerical outcomes [80] could be explained following this reasoning.
The broadening profile of the energy field ought to receive similar corrections from these Lorentzian-invariant boundary terms in the action. The contributions of the boundary action to the width profile is calculated recently in Ref. [81] . The modification to the mean-square width around the free NG string is evaluated using perturbative expansion of two boundary terms at the orders of fourth and six derivatives.
Recent observation concerning the simulation of baryonic flux tubes [50] [51] [52] indicates resistance to bending or repulsion among the flux lines at a junction of the network such that the angles between the three flux tubes are kept equally divided into 120 o . This would suggest that the sharply-creased worldsheet configurations are energtically unfavorable. This interpretation of the selfrepulsion or resistance to bending nature appears within the vortex line picture [82, 83] of the confining string appears as well.
The smooth string model rigorously preserves the fundamental properties of QCD of the ultraviolet (UV) freedom and infrared (IR) confinement [73, 74] . The model is in consistency with glueballs [84, 85] formation, and a real (QQ) potential [75, 86, 87] with a possible tachyonic free spectrum [88] above some critical coupling [85] .
The assumption of smooth QCD strings have consequences that could clearly manifest in the intermdiate distances at high temperatures or for the excited states. Though not dominating the IR region, rigidity effects are reported [69, 70, 76] in recent numerical simulation of abelian and non-abelian gauge groups.
Recently a set analytic solutions targeting the profile of flux-tube have appeared in the literature [41, 81, [89] [90] [91] . The target of the present paper is to examine in detail the physical implications of each string model against the lattice numerical data.
The map of the paper is as follows: In section(II), we review the most relevant string model to QCD corresponding to the energy width versus different approximation schemes. In section(III), lays out the numerical discussion of the lattice data with verious combinations of the effective strings models. In the last section, we provide concluding remarks.
II. STRING ACTIONS AND ENERGY WIDTH
It is a reverberate conjectured [92, 93] that the gluonic field may condenses into thin stringlike object that can admit a long string description. The string may follow from the intuition picture that the chromo-electric field is squeezed by the dual Miesener effect similar to Abriksov line in the superconductive scenario [24, [94] [95] [96] [97] [98] [99] of QCD vacuum.
The dynamical description of the effective string is based on a low-energy effective Lagrangian respecting the symmetries of the system. The classical long string solution, even though, breaks the translational invariance of the Yang-Mills vacuum leading to generation of transverse massless Goldston bosons [100, 101] .
The Lüscher-Wiesz effective action includes all massless fields which are necessarily derivatives to impose the translational invariance and are expressed in the physical gauge [102, 103] . The Lorentz-invariance of the LW action is realized nonlinearly sice the worldsheet gauge diffeomorphism is fixed to static/physical gauge.
The Lüscher and Weisz [38] (LW) effective action up to four-derivative term read
in the above S cl is the classical term, the operators X µ (ζ 0 , ζ 1 ) define the mapping from C ⊂ R 2 into R 4 taken with an Euclidean signature. The geometrical invariant R and K are the Ricii-scalar and the extrinsic curvature [73, 74] of the worldsheet configuration, respectively. The LW action Eq. (1) encompasses built-in surface/boundary terms to account for an open string with boundaries. The boundary action S b is located at the boundaries ζ 1 = 0 and ζ 1 = R. The kinematic couplings c 1 , c 2 are dependent and are subject to constraint
which follows from the Lorentz-transform in terms of the string collective variables X i [78, 104] that the action is invariant under SO(1, D − 1).
The Nambu-Goto action, however, is the most simple form of string actions and is proportional to area of the world-sheet. With the the above condition (2), the first two terms in LW action coincide with the leading and next to leading order terms of NG action given by
and
respectively.
The quantum delocalization of the stringlike flux-tube around its classical configuration results in an energy distribution profile along the line connecting two color charges. The second moment of the transverse fluctuations typically characterizes the mean-square width of the string
where ζ = (ζ 1 , iζ 0 ) is a complex parameterization of the cylindrical worldsheet of surface area R L, S ef f denote general effective string action. The Dirichlet and periodic boundary condition in ζ 0 with period L T corresponds to
The leading order perturbative solution of Eq. (5) subject to the boundary condition Eq. (6) revealed the famed logarithmic divergence of the width at the middle of the string and at zero temperature which is the famed property shown by Lüscher, Münster and Weisz [28] long ago.
where R 0 is an ultraviolet (UV) scale. Allais and Casselle [41, 42] using point-split [30] regularization and conformal mapping techniques have evaluated the expectation value of the quardratic operator Eq (5) at any temperature and plane in accord to 
, q 1 = e −π 2 τ , τ = L T R is the modular parameter of the cylinder, and L T = 1/T is the temporal extent governing the inverse temperature and R 0 (ζ) is the UV cutoff which has been generalized to be dependent on distances from the sources.
At high temperature the long string limit R > L T of Eq. (8) implies a linear broadening pattern in the string's width [41, 42] . The second logarithmic term in Eq. (8) implies a different width at each plane around the middle of the string. This curved form becomes more pronounced with the increase of the temperature and the string's length.
F. Gliozzi. M. Pepe and Wiese [39, 42] extended the calculations of the width to two-loop order of perturbative expansion of NG action Eq. (4), the next-to-leading width reads as
with the leading order term W 2 o in accord to Eq. 8 and the NLO term given by
where q = e −π L R . The form of W 2 o in terms of Dedekind η function given in Ref. [42] is equivalent to Eq. (8) through the standard relations of elliptic functions.
where Eisenstein series E 2 defined as
and Dedkind eta function is defined as
As mentioned above, an interesting generalization of the Nambu-Goto string [105] [106] [107] has been proposed by Polyakov [73] and Kleinert [108] to stabilize the NG action in the context of fluid membranes. The Polyakov-Kleinert string is a free bosonic string with additional Poincare-invariant term proportional to the extrinsic curvature of the surface as a next order operator after NG action [73, 108] . That is, the surface representation of the Polyakov-Kleinert (PK) string depends on the geometrical configuration of the embedded sheet in the spacetime. That is, the bosonic free string action is equiped with additional terms of the extrinsic curvature as a nextorder operator after NG action [73, 74] .
Many properties have been rigorously worked out by Kleinert and German such as the exact potential in the large dimension limit [109, 110] , the dynamical generation of the string tension [111] and the perturbative stability in critical dimensions [112] . This is in addition to various thermodynamical characteristics of the geometric strings gas including the partition function [113] , free energy and string tension at finite temperature [114] [115] [116] and the deconfinement transition point [117] .
The smooth configurations of quantum fluctuations swept in the Euclidean space-time by the Nambu-Goto string are favored in the string's partion function by adding a new term proportional to the geometrical second fundamental form, or simply extrinsic curvature of the worldsheet.
The second fundamental form (or the shape tensor) in a differential geometer notation defines a quadratic form on the tangent plane of a smooth surface in the threedimensional Euclidean space. With a smooth choice of the unit normal vector at each point, this quadratic form is generalized as a smooth hypersurface in a Riemannian manifold.
The action of the Polyakov-Kleinert (PK) string with the extrinsic-curvature term reads
with S R defined as
The extrinsic curvature K defined as
where is Laplace operator and M 2 = σ0 2αr is the rigidity parameter. The term satisfies the Poincare and the parity symmetries and can also be considered [76] in the general class of (LW) actions (1).
The perturbative expansion [86] of the rigidity term Eq. (15)
has the leading term given by
and the next to leading-order term
The rigidity parameter weighs favorably the smooth worldsheet configuration over the creased one. In nonabelian gauge theories this ratio is expected to remain constant in the continuum limit [76] .
The numerical simulations [76] of the confining potential in U (1) gauge theory have first addressed the rigidity of the effective bosonic string. Possible manifestation in SU (N ) gauge theories in 3D [70] has been reported as well. The rigidity effects in the confining potential of SU (3) at high temperature manifests as a necessary ingradient to retrieve the correct dependency of the string tension on the temperature [68, 69] .
The mean-squared width of the Polyakov-Kleinert string can be calculated by expanding around the freestring action Eq. (3) the squared width of the string
where <> 0 represents the vacuum expectation value with respect to the free-string action. The modification to the mean-square width by virtue of the leading term in the rigidity
In the following, we evaluate the correlator Eq. (21) of the rigid string up to one loop order using Green function
as the two point propagator. On a cylindrical sheet of surface area RL with Dirichlet and periodic boundary condition in ζ 0 with period L T the Green propagator of the free string is
Equation (21), representing the perturbation in the width due to rigidity around the free NG string, in terms of the corresponding Green functions is
The modification to the mean-square width of the string of smoothed fluctuation is calculated in detail in Ref. [118] using ζ function regularization technique and turn out to be
The mean-square width of the rigid string at the next to leading term in the perturbative expansion of extrinsic curvature Eq. (19) is explicitly calculated in Ref. [118] , the two-loop version of Eq. (25) read as
Apart from the possible stiff structure of QCD strings, the symmetry breaking of the action at the boundaries can have detectable effects on the energy density along the QCD flux tube as well. This perturbation from the free bosonic string behavior has been discussed in the numerical data of static potential [69, 70, 104, 119] .
A Generic boundary action can be defined as
with the Lagrangian density L i associated with the corresponding effective low-energy parameter b i . Dirichlet boundary conditions X i = 0 at both ends means that ζ 0 -derivatives vanish on the boundary (∂ n 0 X = 0). At the lowest order, the only possible term [49] in the Lagrangian is therefore
The leading-order corrections due to second boundary terms with the coupling b 2 appears at the four-derivative term in the bulk. On the boundary the general term is of the form ∂ 3 X 2
one should note that possible terms proportional to the equation of motion can be set to zero by field redefintion.
The third term of coupling b 3 is given by
The Lorentz symmetry is a crucial aspect of Yang-Mills theory that ought to be preserved. The application of the Lorentz-transformation on the boundary action Eq. (27) and requiring S bi to vanish, we obtain constraints [79, 120] on the values of the couplings; or realize higherorder derivatives in the choice of the action of a given coupling.
The variation of the boundary actions at first and third orders with infinitesimal nonlinear Lorentz-transform [104] of the Lagrangian densities Eq.(27) entails vanishing value for b 1 = 0 and b 3 = 0. It can be shown [38] that b 1 = 0 based on duality in two different channels corresponding open-closed string.
The nonlinear realization of Lorentz transformation of the Lagrangian densities Eq. (29) and Eq. (32) generates higher-order terms at the same scaling [79, 104] . The invariance of (29) leads to recursion relation when solved Ref. [104] give rise to a more general form of the Lagrangian density which encompasses the naive constructs Eq. (29) as special cases,
The next Lagrangian density L 4 of coupling b 4 , the leading general effective Lagrangian on the boundary is
The first two-terms derived in Ref. [104] are given by
The boundaries do affect the average width of the delocalization along the string. The mean-square width is similarly expressed as perturbation around the free NG string as
The evaluation of leading correlator
involve cumbersome manipulations, we presented the detailed calculus in Ref. [81] using ζ-function regularization of the divergent sums appearing after the evaluation of the Green propagator Eq. (23)
where E 2 (τ ) is Eisenstein series defined by Eq. (12). The expectation value of the six-derivative order boundary-term is similarly evaluated substituting the free propagator Eq.(23) (see Ref. [81] for detail). The next non-vanishing expectation value appears at the coupling b 4 ,
Equations (36) and Eq. (38) lay out the perturbative expansion of the boundary action and estimate the subsequent augmentation/lessening of mean-square width of the effective string in D dimension at any temperature.
III. ACTION DENSITY ON THE LATTICE

A. Width measurements of the Action Density
In the following we construct a color-averaged infinitely-heavy static quark-antiquark QQ state by means of two Polyakov lines P 2Q ( r 1 , r 2 ) = P ( r 1 )P † ( r 2 ).
We measure the mean-square width of the action density in SU(3) gluonic configurations. The action density is related to the chromo-electromagnetic fields via 1 2 (E 2 − B 2 ) and is evaluated via a three-loop improved lattice field-strength tensor [121] .
A scalar field characterizing the action density distribution in the Polyakov vacuum or in the presence of color sources [122] can be defined as
with the vector ρ referring to the spatial position of the energy probe with respect to some origin, and the bracket ... stands for averaging over gauge configurations and lattice symmetries. We make use of the symmetry of the four dimensional torus, that is, the measurements taken at a fixed color source's separations R are repeated at each point of the three-dimensional torus and time slice then averaged. The lattice size is sufficiently large to avoid mirror effects or correlations from the other side of the finite size periodic lattice. The characterization Eq. (39) yields C → 1 away from the quarks by virtue of the cluster decomposition of the operators.
To eliminate statistical fluctuations, uncompromising the physical observable are left intact, only 20 sweeps of UV filtering using an over-improved algorithm [123, 124] have been applied on all gauge configurations.
Different UV filtering schemes can be calibrated [45, 125] in terms of the corresponding radius of the Brownian motion. The above prescribed number of stout-link sweeps would be the equivalent of 10 sweeps of APE [126] algorithm [45, 125] with an averaging parameter α = 0.7.
A careful analysis that we have performed in Ref. [45, 127] ensured that with a number of n sw of improved cooling sweeps [123, 124] no smearing effects are detectable on either the quark-antiquark QQ potential or the energy density profile for color source separation distances R ≥ 0.5 fm which is the distance scale under scrutiny in this investigation.
To estimate the mean-square width of the gluonic action density a long each transverse plane to the quarkantiquark axis. Taking into consideration the axial cylindrical symmetry of the tube, we choose a double Gaussian function of the same amplitude, A, and mean value µ = 0
In the above form the constraint σ 1 = σ 2 corresponds to the standard Gaussian distribution. Table. III compares the returned value of the χ 2 for both optimization ansatz, namely, the constrained form σ 1 = σ 2 and σ 1 = σ 2 unconstrained form. The fits of the double Gaussian form return acceptable values of χ 2 at the intermediate distances.
Good χ 2 values are returned as well when fitting the action density profile to a convolution of the Gaussian with an exponential [50, 128] , however, considering statistical uncertainties at large distances (see Fig. (1)) we opt to the form Eq. 40 with σ 1 = σ 2 for stable fits. Fit T /Tc = 0.9 Fit Range A measurement of the width of the string's action density may be taken by fitting the density distribution C( ρ; z) to Eq. (40) through each transverse to the cylinder's axis z to Eq. (40)
with r 2 = x 2 + y 2 in each selected transverse plane ρ(r, θ; z). The second moment of the action density distribution with respect to the cylinder's axis z joining the two quarks is
which defines the mean square width of the tube on the lattice. The locus of the color sources corresponds to z = 0 or z = R, respectively.
In Table III the numerical values of the mean-square width of the string at the middle plane between the two color sources are in-listed. The percentage differences in the measured width measured with the use of both ansatz in Table III indicate an almost constant shift amounting approximately to 22% of that measured using unconstrained optimization σ 1 = σ 2 .
Further measurements of the mean-square width at consecutive transverse planes z = 1 to z = 4 are enlisted in Table I of Appendix. A. The width is estimated in accord to Eqs. (40) and (42) at each selected plane z i fixed with respect to one color source. We found the unconstrained optimization Eq.(40) is returning σ 1 = σ 2 at all color separation distances.
The numerical values in Table I are indicating a broadening in mean-square width of the string at all transverse planes z i as the color sources are pulled apart. The plot of the width at consecutive planes in Fig. 4 more clearly depicts an increasing slop in the pattern of growth as one considers farther planes from the quark sources up to a maximum slop in the middle plane.
B. Pure Nambu-Goto String
The broadening of the width at each selected transverse plane can be compared to that of the corresponding width of the quantum string Eqs. (8) and (11) . Our discussion in Ref. [68, 69] for the fit analysis of the two Polyakov loop correlator enlightens that both the LO and NLO approximations are substantial different when the temperature T /T c 0.9 is close to the deconfinement point.
In Table IV summarized are the resultant values of the fit considering various range of sources separations. For this fit procedure the string tension is fixed to its value returned at T /T c 0.8 form fits of QQ data.
The free string (LO) Eqs.(8) and self-interacting Eq. (11) (NLO) solutions are one parameter fit functions in the ultraviolet cutoff R(ξ). While in the LO formula the ultraviolet cutoff has the effect of a constant shift in the flux-tube width, the UV cutoff alters the slop in the NLO formula of NG string.
The leading order approximation would show a strong dependency on the fit range if the data points at small sources separations are considered. The first three entries in Table IV compares the value of χ 2 for both approximations at source separations R = 0.5 fm up to R = 0.9 fm, that is, excluding the last three points. The free string picture poorly describes the lattice data at short distances.
With the data points at short distances excluded from the fit the values of χ 2 decrease gradually. For example, first four points excluded from the fit, the returned χ 2 is smaller, indicating that only the data points at large source separation are parameterized by the string model formula. With the consideration of the next leading order solution of the NG action the values of χ 2 are reduced. Nevertheless, the values of χ 2 are still significantly too large to precisely match the numerical data in intermediate distances. Large values of χ 2 are retrieved if a source separation such as R = 4a to R = 12a is included for either LO and NLO approximations. This is, eventhough, a relative improvements when considering the the two loop approximation. The fits in Table IV divulge a strong dependency on the fit range if the points at small sources separations are excluded with a gradual decrease in the values of χ 2 and stablity in the fits.
In Figs. 3 and 4 are plots of the fit for the mean-square width at the middle plane of the tube, z = R/2 together with the corresponding fits to the free string Eqs.(8) and the self-interacting NLO form Eq.(11). The fit range for the free string Eqs.(8) is chosen for color source separations extending from R = 1.0 fm to R = 1.2 fm, however, for the NLO self interacting Eq.(11) string, the fit range includes two additional points R = 0.8 − 1.2 fm. The fit regions in Figs 3 and Fig. 4 are chosen so that both approximations give almost the same behavior in the asymptotic region at large color source separations R ≥ 10a. Thus, in order to approach the NLO approximation in the asymptotic region fits to the leading order approximation Eqs.(8) should on considered on large distances.
The string fluctuations have an almost constant crosssection at the intermediate distances 0.8<R<1.1 fm which is not what is expected from the free string approximation Eqs. (8) [41, 45, 46] at this distance scale. The analysis of the lattice data has revealed curvatures along the planes transverse to the quark-antiquark line at large distances [45, 46] . In the intermediate distances the profile along the transverse planes is geometrically more flat than the free-string picture would imply.
Re-render of the mean-square width of lattice data together with fits to Eqs.(8) and (11) discloses the geometrical effects of the inclusion of NLO order terms. The width W 2 (z)a −2 at the middle plan z = R/2 is subtracted from that at the plane W 2 (z i ), shown in features due to the higher loops in the string interactions. Although the statistical fluctuations increase with the decrease of the temperature (see Fig. 2 ), the width estimates obtained through fitting action density to Eq.(40) can be stabilized with the use of the standard Gaussian form σ 1 = σ 2 in Eq.(40) at the temperature T /T c = 0.8 instead.
Our expectations from the fit behavior of QQ potential at T /T c = 0.8 to both the LO and NLO formulas that higher order effects are negligible at this temperature scale.
Most of the considerations concerning the validity of both approximations to the QQ potential at the temperature T /T c = 0.8 seem to hold as well for the string profile. Considering the same fit range, the solid and dashed lines corresponding to the two approximations (LO) Eq.(8) and (NLO) Eq.(11) in Fig. 5 almost coincide, with exception of subtlety at the end point R = 0.5 fm. The mismatch at 0.5 fm is less obvious when considering fits at other transverse planes than the middle as can be seen in Fig 6. This can be attributed to the high value of χ 2 dof (only at R = 0.5 and R = 0.6 fm) when measuring the width through the standard Gaussian distribution, i.e, σ 1 = σ 2 in Eq. (40) . We report numerical analysis with other fit functions that depends on the separation between the quarks in a next version.
At temperature T /T c = 0.8, the fit results summarized in Tables V of the LO and NLO forms of the NG string return very close parameterization behavior in both the asymptotic and intermediate distances regions regardless of the selected fit range. Indeed, higher order effects are almost suppressed at this temperature scale.
In Table V the fit to the LO approximation unveils good values of χ 2 for color source separation up to R = 0.6 fm, the next to leading order fits, however, improves with respect to fit range when including these source separations R = 0.5 fm and R = 0.6 fm, this manifests at the middle and other the consecutive planes z as well.
At the same temperature T /T c = 0.8, a rendering compares the width difference δW 2 = |W 2 (z i ) − W 2 (R/2)| of lattice data and the corresponding fits to string model in Fig. 7 . The display in the figure width at each plane is subtracted from the middle plan z = R/2. This unveils an almost constant width along the transverse planes to the color sources. The curvatures induced by thermal effects [45, 46] only manifests at temperatures closer to the deconfinement point and at large distances. This shows 18) are substantial improvements at the temperature very close to the deconfinement point T /T c 0.9. These improvements have been observed in the compact Abelian U (1) gauge model as well [24] .
Let us again set the broadening of the width at each selected transverse plane into comparison with, however, that of the rigid/smooth strings Eqs. (25) and Eq. (26) . We summarize the resultant χ 2 of the fits in Table. VI  and Table. VII. In the first entries the returned parameter is the renormalization R 0 for the fit to the width at the leading order and the next-to-leading order terms of NG string Eq. (8) and Eq. (11), respectively. The following entries are for the rigidity α parameters from the fits to the mean-square width of the relevant order for both NG and PK string Eqs. (44) .
The following shows respectively the formula used for each corresponding model depicted in the first column of the table
The resultant fits to the smooth string consisting of the rigidity terms Eqs. (43) added to the next-to-leading order solution of the NG action Eq. (11) are inlisted in Tables. VI and VII. The values of χ 2 in the two Tables. VI and VII are indicating significant reduction in the values of χ 2 at the temperature T /T c = 0.9 compared to returned residuals (Table IV) considering only the NG string Eq. (11) . Moreover, the fit to stiff string are returning good values of χ 2 on the whole the intermediate source separation distances at all transverse planes along the tube.
The solid and dashed lines in the plot of Figs. 8 and ? ? corresponding to the NG string in the interaction approximations Eqs. (11) and rigid strings Eqs. (43) and (44) show the dramatic improvement in the fits with respect to the stiff strings when considering fit range covering the whole fit range R ∈ [0.5 − 1.2] fm.
The χ 2 values returned from the fit to a string model (43) at only the LO perturbation from both NG and PK string, indicate improvement as well compared to the free string NG string. However, We find that considering both corrections returns improved values of χ 2 dof = 11.09/6 over the shorter source separation interval R ∈ [0.5, 1.2] fm.
Nevertheless, drawing a comparison between the fit behavior of any of the leading and the formula for NLO in the extrinsic curvature Eq. (45) reveals a subtle difference in the returned χ 2 on fit interval R ∈ [0.5, 1.2] fm the corrections within the uncertainties of the measurements. Effects of the NLO in perturbation Eq. (45) could be relevant when considering smaller distances, finer lattices or much higher resolutions in general.
The improvement in the fit with respect to the rigid strings compared to that obtained merely on the basis of pure NG string is displayed in data compared to the corresponding fits in Fig. 3 over the fit interval R ∈ [0.7, 1.2] fm. The plots in Fig. 8 indicate the incompetence of the pure NG string as a physical description integrating out the properties of the QCD flux tubes.
Apart from mitigate deviation at short distances when describing the flux-tubes width over planes other than the middle, .i.e, x = 2, 3, 4 planes (Table VI, assertion still holds true that the match is enhanced with respect to the rigid string models over larger intermediate separation distances as evidently displayed in Fig. 9 .
The fit to the NG approximation Eq. (44) returns good values of χ 2 for the mean square width of the string in the middle plane. However, the fit to the stiff string Eq. (43) exhibits improvements with respect the planes near to the color sources, this matches the intuitive picture that rigidity effects/resistance to bending may be more stringent near the string ends.
D. Lüscher-Wiesz string with two boundary-terms in the action
The corrections provided by the boundary action to static QQ potential seem to explain to some extend the deviations appearing when constructing the static mesonic states with Polyakov loop correlators [69] . At a higher temperature, the inclusion of the boundary corrections up to the fourth order b 4 together with string rigidity the QQ potential has been found to be viable [69] is well described in providing good fits for distances as small as R = 0.5 fm.
The goal in this section is to compare the analytic estimate of the mean-square width resulting from the boundary terms in Lscher-Weisz (LW) effective string action Eq. (27) . This could be compatible with the energy fields set up by a static mesonic configurations. We consider the perturbative expansion of two boundary terms at the order of fourth and six derivative given by Eq. (31) and Eq. (33) respectively.
In the following we select possibly interesting combinations of boundary terms with LO and NLO Nambu-Goto and rigid string with Eqs. (36) and (38) . We consider 
which excludes the rigidity structure of the string. Similar to the foregoing sections, comparison with the broadening of the width at each selected transverse plane can be drawn with that of the corresponding width of various models string models. We summarize the observations on the resultant χ 2 and fit parameters in Tables. VIII, IX and X.
• Tables VIII and IX In the first two column are the returned parameter is the UV cutoff R 0 and the following entries are for the boundary action couplings b 2 .
The first observation is that the fit over short distance ranges in Table VIII • Tables X and XI  The first Table. X covers fit results over selected short intervals. The immediate observation that the consideration of the next six derivative term in the boundary action had improved the fits over these intervals in particular for distances commencing from R = 0.4 fm, even without considering the NLO term from NG string.
For longer distances (Table. XI) the inclusion of the NLO term from NG string seems to be in effect, nevertheless, the fits at the planes z = 2, z = 3 are still show sensible deviations from the lattice data. (49), is depicted in Fig 10-(b) . Here we evidently see the match with the LGT data up to a surprisingly small distances R = 0.4 fm.
The plot in Fig. 11 shows the contribution of the boundary action to the width profile at two consequtive planes from the quark, namely, z = 1 and z = 2. The line are for the fits of the string model with two boundary terms (b 2 , b 4 ) Eq. (49) over interval R ∈ [0.5, 1.2] fm. For the planes apart from the middle plane it seems the mismatch is evident at the large source separation distances.
More variants of the string models can be attained by switching on the rigid properties of the QCD string model,
in the above only the first boundary correction W 2 b2 is encompassed. very good match with the numerical data at all planes up to source separation distances as small as R = 0.4 fm. However, subtle differences in the values of χ 2 are observed when considering the next-surviving boundary term W 2 b4 ,
in the models of Eq. (50) and Eq.(51) as the inspection of Table. XIII divulges. The good fit, nevertheless, is remarkable in these model at planes from z = 3 andz = 4 from the quarks. This seems to suggest restoring forces, by virtue of the inclusion of the rigidity, that pull down the strings into its classical configuration. The expectations of an almost flat width geometry along the transverse planes is consistent with the analysis shown in Figs. 12, which indicates that the thermal effects strongly diminishes near the QCD plateau region [129] . In Figs. 7 the render of the action densities corresponding to the both temperatures T /T c = 0.8 and T /T c = 0.9 unveils an independent prolate-shaped action density for the color map.
These are two typical instances where the string's width profile is exhibiting a constant width along the tube. The first is due to the diminish of thermal effects near the end of QCD plateau, the second manifests at the intermediate color source separations and the temperature close to the deconfinement point as a result of the role played by the string-self interactions. This is culminated in the squeeze/suppression along the transverse planes. Figs. 12 and 7 disclose the fact that the geometry of the density isolines are quite independent from both the width profile 
IV. SUMMARY OF NUMERICAL RESULTS
The corrections received from the Nambu-Goto (NG) action expanded up next to leading order terms have been set into comparison with the corresponding SU (3) Yang-Mills lattice data in four dimensions. The region under scrutiny is where the free string picture poorly describe the energy profile. The considered source separation are R = 0.5 to R = 1.2 fm for two temperatures scales near the end of QCD plateau and just before the critical point T /T c = 0.8 and T /T c = 0.9.
The theoretical predictions laid down by both the LO and the NLO approximations of Nambu-Goto string show a good fit behavior for the data corresponding to the QQ potential near the end of the QCD plateau region at T /T c = 0.8. The fit returns almost the same parameterization behavior with negligible differences for the measured zero temperature string tension σ 0 a 2 . The returned value of this fit parameter is in agreement with the measurements at zero temperature [130] On the otherhand, at a higher temperature near the deconfinement point T /T c = 0.9, the values of χ 2 indicate improvements with respect to the fits to the NLO width profile of the pure NG string Eq. approximation does not provide an accurate match with the numerical data except at R ¿ 0.8 fm. The fits of the QQ potential data to the Nambu-Goto string model considering either of its approximation schemes of NG string return large values of χ 2 if the fit region span the whole source separation distances R = 0.5 fm to R = 1.2 fm. The fits at next to leading order approximation of the NG string show some improvements on each corresponding fit interval. In general, the values of the residuals decrease by the exclusion of the data points at short distances for both approximations. The inclusion of leading boundary term of Lüscher-Weisz action W 2 b2 in the approximation scheme improves the fits at all the considered source separations. The fits of the string model employing the next non-vanshing boundary term W 2 b4 Eq (49) displays evident match with the LGT data up to a surprisingly small distances R = 0.4 fm. Although large distance deviations reappear for planes away from the middle plane of the flux-tube, we see that a good match is recovered when considering rigid properties of the string.
We found that the rigid string width profile accurately matches the width measured from the numerical lattice data near the deconfinement point. This suggests that the rigidity effects can be very relevant to the correct description of Monte-Carlo data of the field density and motivates scrutinizing the stiffness physics of QCD-fluxtube in other frameworks [131] .
For the considered fit interval R ∈ [0.5, 1.2] fm the corrections received from the two-loop in the extrinsic curvature is vey small and within the uncertainities of the measurements. The next to leading-order in perturbation Eq.(3.24) could be be very relevant when considering smaller distances, finer lattices, or other gauge models.
Although the rigidity effects seems to be very similar to considering higher-order terms in NG string, we find that considering both two terms return improved values of χ 2 dof = 10.58/6 for shorter distances R ∈ [0.5, 1.2] fm. Drawing a comparison between the fit behavior of both the LO and the NLO formula for the extrinsic curvature Eq.(2.19) and Eq.(3.24) reveals a subtle difference in the returned χ 2 and around (20 to 30) percent change in the value of the rigidity parameter.
At higher temperature T /T c = 0.9, the color tube exhibits a suppressed growth profile in the intermediate region. The fits considering both intermediate and asymptotic color source separation distances show noticeable improvement with respect to the string self-interacting picture (NLO) compared to that obtained on the basis of the free string approximation. Nevertheless, the next to leading approximation does not provide an accurate match the numerical data. This manifests as signif-icantly large values of the returned χ 2 when considering distances less than R<0.8 fm.
The oscillations of a free NG string fixed at the ends by Dirichlet boundaries traces out a nonuniform width profile with a geometrical curved fine structure. This is detectable [45] at source separations R > 1.0 fm and near to the critical temperature. However, in the intermediate region the lattice data are not in consistency with the curved width of the free fluctuating string. The fits to mean-square width extracted from the NLO expansion of NG string, however, indicate that self interactions flatten the width profile in the intermediate region. The string's self-interactions accounts for the constant width along consecutive transverse plane to the tube in addition to the decrease in slop of the suppressed width broadening.
At the end of the QCD plateau region at temperature T /T c = 0.8 the constant width property is manifesting at all source separation distances and is in consistency with the pure NG action. These results indicate not only the fade out of the thermal effects at this temperature but also indicate a form of the action density map independent from the geometrical changes induced by the temperature. That is, the main features of the density map would persist at lower and zero temperature.
V. CONCLUSION
In this investigation, we discussed the effective bosonic string model of confinement in the vicinity of critical phase transition point [119] . We conclude that the free Nambu-Goto string can be a good description to energy profile of QCD flux-tubes up to temperatures on the QCD plateau. With the gradual decrease of the string tension the pure NG string does not precisely describe the lattice Mont-Carlo data even, at two-loop orders. Nevertheless, we evidence that the effective bosonic string model is competently integrating out the physical properties of the flux-tube when including symmetry effects of the boundary action and rigidity properties into its paradigm.
